We introduce an algebra bundle of chord diagrams over the configuration space of N points in the complex plane on which we put the Knizhnik-Zamolodchikov connection. For that particular connection, the holonomy along a loop in the base is shown to be generating the Kontsevich integral for that loop's associated braid. * rg.mathematics@gmail.com 1
The Kontsevich Integral
We choose to define a knot to be a smooth embedding of S 1 into S 3 (or R 3 ). One can define an equivalence relation on the category of knots called ambient isotopy, which we will denote by ∼. An isotopy between embeddings γ 1 , γ 2 : X → Y is a homotopy γ : X × I → Y through embeddings [GS] . An ambient isotopy between two knots γ 0 : S 1 → S 3 and γ 1 : S 1 → S 3 is an isotopy γ : S 1 × I → S 3 through diffeomorphisms Γ : S 3 × I → S 3 such that Γ 0 = id S 3 and γ t = Γ t • γ 0 for all t. A knot is a link with only one component. We choose to define a link with q components to be a smooth embedding of q S 1 into S 3 (or R 3 ). The above definition for isotopy carries over to the case of links.
In a first time, we will be interested in isotopy classes of knots since original definitions for the concepts that we will introduce presently where made in the case of knots. To distinguish one class from another, one needs a function on knots that takes different values on different classes, but which must of course be constant on equivalence classes, and such an object is rightfully called an isotopy invariant or invariant for short. Typically an invariant is valued in some abelian group G, and if we denote by ZKnots the abelian group generated by oriented knots, we write Γ : ZKnots/ ∼ → G for an invariant Γ, it is a G-valued functional on the set of equivalence classes of knots. We can generalize this definition to the case of links: if ZLinks/ ∼ is the set of equivalence classes of oriented links, G is an abelian group, then a link invariant Γ will be a map Γ : ZLinks/ ∼ → G.
Of those invariants, Vassiliev invariants [V] are of particular importance. Such invariants are functionals on ZKnots/ ∼ that are extended to be defined on singular knots whose singularities are transversal self-intersections. One first defines a positive crossing in the image of a knot to be:
where the arrows indicate the orientation on the portion of the knot that is being displayed. A negative crossing is represented as:
One represents a transversal self-intersection as follows:
At this point one can extend invariants of knots to also be defined on singular knots, with the use of the relation:
where V is any link invariant. By iterating this procedure, one can extend a link invariant to be defined on knots with multiple double-crossings. If a link invariant V has its extension vanishing on knots with more than m self-intersections, one says that V is a Vassiliev invariant of type m.
where the argument of V above has more than m self-intersections. Due to the local nature of the extension of knot invariants to singular knots, we see that we can generalize the definition of a Vassiliev invariant to the case of links. A Vassiliev invariant of links will be said to be of type m if it evaluates to zero on any singular link with more than m double-crossings (not necessarily same component intersections).
Among the Vassiliev invariants of finite type m, one has the degree m part of the Kontsevich integral first introduced in [K] . One should note that the Kontsevich integral as it was initially defined is not strictly speaking a knot invariant, but once it is corrected as we shall do below, then it becomes an honest knot invariant, and its final corrected form is a universal Vassiliev in-variant in the sense that every finite type Vassiliev invariant factors through it [K] [BN] [DBN2] [ChDu] .
Before introducing this integral, we define the algebra A [K] in which the integral takes its values. For a singular oriented knot whose only singularities are transversal self-intersections, the preimage of each singular crossing under the embedding map defining the knot yields a pair of distinct points on S 1 . Each singular point in the image therefore yields a pair of points on S 1 that are conventionally connected by a chord for book keeping purposes. A knot with m singular points will yield m distinct chords on S 1 . One refers to such a circle with m chords on it as a chord diagram of degree m, the degree being the number of chords. The support of the graph is an oriented S 1 , and it is regarded up to orientation preserving diffeomorphisms of the circle. More generally, for a singular oriented link all of whose singularities are double-crossings, preimages of each singular crossing under the embedding map defining the link yield pairs of distinct points on possibly different circles depending on whether the double crossing was on a same component or between different components of the link. We also connect points making a pair by a chord. A link with m singular points will yield m chords on S 1 . We call such a graph a chord diagram. The support is S 1 regarded up to orientation preserving diffeomorphism of each S 1 .
One denotes by D the complex vector space spanned by chord diagrams with support S 1 . There is a grading on D given by the number of chords featured in a diagram. If D (m) denotes the subspace of chord diagrams of degree m, then one writes:
One quotients this space by the 4-T relation which locally looks like:
where solid lines are intervals on S 1 on which a chord foot rests, and arrows indicate the orientation of each strand. One further quotients this space by the framing independence relation: if a chord diagram has a chord forming an arc on S 1 with no other chord ending in between its feet, then the chord diagram is set to zero. The resulting quotient space is the complex vector space generated by chord diagrams mod the 4-T relation and framing independence and is denoted by A. The grading of D is preserved by the quotient, inducing a grading on A:
where A (m) is obtained from D (m) upon modding out by the 4-T and the framing independence relations. All this carries over to the case of links by formally extending the 4-T relation to the case of q disjoint copies of the circle in the case of a q-components link, and the resulting C-vector space will be denoted A( q S 1 ).
The connected sum of circles can be extended to chorded circles, thereby defining a product on A, making it into an associative and commutative algebra. The Kontsevich integral will be valued in the graded completion A = m≥0 A (m) of the algebra A.
As far as knots are concerned, we will work with Morse knots and geometric tangles, and for that purpose one considers the following decomposition of R 3 as the product of the complex plane and the real line: R 3 = R 2 × R ≃ C × R, with local coordinates z on the complex plane and t on the real line for time. A morse knot K is such that t • K is a Morse function on S 1 . If one denotes by Z the Kontsevich integral functional on knots, if K is a Morse knot, one defines [K] , [BN] :
where t min and t max are the min and max values of t on K respectively, P is an m-vector each entry of which is a pair of points on the image of the knot K, P = (P 1 , ..., P m ), where the i-th entry P i corresponds to a pair of points on the knot. One refers to such P 's as pairings. If we further situate these paired points at some height t i , and denote these two points by z i and z ′ i , then we define △z[P i ] := z i − z ′ i . We denote by K P the knot K with m pairs of points placed on it following the prescription given by P , along with chords connecting such points at a same height. A pairing is said to be applicable if each entry is a pair of two distinct points on the knot, at the same height [BN] . We will assume that all chords are horizontal on knots and will drop the adjective applicable, simply referring to P 's as pairings. One denotes by ε(P ) the number of those points ending on portions of K that are locally oriented down. For example if P = (z(t), z ′ (t)) and K is decreasing at z(t), then it will contribute 1 to ε(P ). One also define the length of P to be |P |, the number of pairings it is a combination of. If we denote by ι K the embedding defining the knot K then D P is defined to be the chord diagram one obtains by taking the inverse image of
This generalizes immediately to the case of Morse links, and in this case the geometric coefficient will not be an element of A but will be an element of A( q S 1 ) if the argument of Z is a q-components link.
Now if one wants to make this integral into a true knot invariant, then one corrects it as follows. Consider the embedding in S 3 of the trivial knot as:
Consider the following correction [K] :
where the dot is the product on chord diagrams extended by linearity, and m is a function that captures the number of maximal points of any knot K that is used as an argument of Z. In the case of links, there will be one such correction for each component of the link, with a power m i on the correction term for the i-th component, where m i is the number of maximal points of the i-th link component. Equivalently,Ẑ(L) is the same as Z(L) save that every i-th link component in the expression for Z(L) is multiplied by
In what follows we will be working with Z only and not its corrected formẐ.
The Kontsevich integral Z(K) of a knot K can be computed as in (4), which can easily be generalized to the case of links. However, it can also be computed by first putting the knot K in braid position [A] . This is done as follows. We can generalize the Kontsevich integral to the case of tangles [BN] , and in particular to that of braids. By closing the braid to recover the knot, the Kontsevich integral of the braid then yields Z (K) . In this work we will mainly focus on the integral of braids. Braids close to links. This enables one to define the integral Z(L) of links L whose coefficients are valued in chord diagrams with support on the link L. By taking the preimage of such chord diagrams under the embedding map defining the link L, the coefficients become valued in A( S 1 ) where we have as many copies of S 1 as we have components in the link. This is how we are naturally led to consider the Kontsevich integral of links, and we will follow the above procedure for computing such an integral.
In section 2, we introduce the configuration space of N unordered points in the complex plane, the natural setting for studying braids. In section 3 we present the general notion of chord diagrams. After introduction of this fundamental material we present the background work done on the Kontsevich integral and how it was argued that it was the expansion of some holonomy in section 4. Section 5 presents a detailed proof that the knot functional generating the Kontsevich integral is exactly the holonomy for some connection on a bundle of chord diagrams over the configuration space of N points. Section 6 is a careful derivation of the Knizhnik-Zamolodchikov equation from first principles. discussions regarding certain aspects of this work.
2 The configuration space of N points in the plane A link in S 3 is ambient isotopic to a closed braid [A] [JB], so that one can deform a link into a braid part, outside of which all its strands are parallel. For a given link, let N be the number of strands of its braid part. N will depend on the link we have chosen. The transversal intersection of these N strands with the complex plane will yield a set of N distinct points, each point resulting from the intersection of one strand with this plane. It is natural then to study, for any given N, the space X N defined as the configuration space of N distinct unordered points in the complex plane:
where S N is the permutation group on N elements and ∆ is the big diagonal in C N . The labeling of points of X N is not induced by any ordering on C N but rather is a way to locate the N points in the complex plane whose collection defines a single point of X N . We will sometimes write 1≤i≤N [z i ] instead of {z 1 , ..., z N } to represent points in configuration space. The points z 1 , ..., z N of the complex plane defining a point Z = 1≤i≤N [z i ] of X N will be referred to as the N defining points of Z. We consider the topology τ on X We review the basic terminology pertaining to braids as presented in [JB] since we will work extensively with braids in what follows. The pure braid group of C N is defined to be π 1 (C N − ∆), and the braid group of C N is defined to be π 1 (X N ). A braid is an element of this latter group. If q denotes the regular projection map from
based at qZ is given by a loop γ = {γ 1 , ..., γ N } which lifts uniquely to a path in C N − ∆ based at Z that without loss of generality we will denote by the same letter γ. Then we have γ = (γ 1 , ..., γ N ). The graph of the i-th coordinate of γ is defined to be Γ i := {(γ i (t), t) | t ∈ I}, 1 ≤ i ≤ N. Each such graph Γ i defines an arc γ i ∈ C × I andγ := ∪ 1≤i≤Nγi ∈ C × I is called a geometric braid, which we will refer to as the lift of γ. As such it is open, and its closure is a closed braid.
Chord diagrams
We will be interested in considering chord diagrams with support on a point, and later on chord diagrams with support on a geometric braidγ in C × I, so for that purpose one considers a more general definition of chord diagrams than the one presented in the introduction which was sufficient to discuss the Kontsevich integral of knots.
Definition 3.1 ( [LM] ). Let X be a one dimensional, compact, oriented, smooth manifold with numbered components. A chord diagram with support on X is a set of finitely many unordered pairs of distinct non-boundary points on X defined modulo orientation and component preserving homeomorphisms. One realizes each pair geometrically by drawing a dashed line, or chord, stretching from one point to the other. One denotes by A(X) the C-vector space spanned by chord diagrams with support on X modulo the framing indepence relation as well as the 4-T relation: if i, j and k are indices for components of X on which chords are ending, then locally the 4-T relation can be written:
One defines the degree of a chord diagram to be the number of chords a chord diagram has, and we call it the chord degree. This induces a graded decomposition of the space A(X):
where A (m) (X) is the C-vector space of chord diagrams of degree m with support on X. We write A(X) for the graded completion of A(X).
One is especially interested in the case where X is a geometric braid γ ∈ C × I corresponding to some loop γ in X N . The strands are oriented up, t = 0 being the bottom plane of the space C × I in which the braid is embedded, t = 1 corresponding to the top plane. Since indices for pairings match those for the times at which they are located, chords will be ordered from the bottom up. For m = 1, a chord will stretch between two strands, say the strands indexed by i and j, and we will denote such a chord diagram by |ij ∈ A(γ), corresponding to the pairing (ij) in this case. If we want to insist that the skeleton of the chord diagram is a given geometric braidγ then we write |ij (γ). In certain situations it will be necessary to also indicate at which point along the braid is the chord situated for location purposes. Once we have |ij (γ), it is sufficient to have the height t ∈ I at which we have to place the chord |ij onγ and |ij (γ)(t) is defined to be a chord between the i-th and j-th strands ofγ at height t, or equivalently a chord between (γ i (t), t) and (γ j (t), t). In that case we work with a representative of the class defining the chord diagram |ij (γ). We define a non-commutative, associative product ✄ ✂ ✁ on A(X) for some geometric braid X as follows: Definition 3.2. Let X be a geometric braid with N strands. We define the
we denote it by D 1 ✄ ✂ ✁D 2 to be the chord diagram in A (m 1 +m 2 ) (X) whose chords are, from the top, those of D 1 followed by those of D 2 . Equivalently,
✁D 2 is the concatenation of the chord diagrams D 1 and D 2 with support the trivial braid, followed by the concatenation with X. The identity for this product is X itself, the empty chord diagram. We will sometimes use a vertical notation for such products to make the reading easier. For example, we will sometimes write
By definition, this product is associative, and noncommutative.
Example 3.3. Pick X as the following geometric braid on 3 strands:
and:
then we have:
thereby illustrating the non-commutative nature of the ✄ ✂ ✁-product. For the associativity:
but we also have:
In words, the product
For X a geometric braid, we have the following fact for (A(X), +,
We will be interested in chord diagrams supported at a point of
is a chord between z k and z l in X N . We denote by A(X N ) the complex vector space spanned by all such elements, and by A(X N ) its graded completion.
We will also be interested in working with elements of A
(1) (X)⊗Ω 1 (log C) with X to be determined, that we denote by |ij dlog(z i −z j ). In this notation ifγ ∈ C × I is a geometric braid obtained from lifting a loop γ in X N , if we arbitrarily index the N strands ofγ, then the k-th strand is obtained from lifting a path in the complex plane given by some function z(t), t ∈ I. For a chord |ij between the i-th and the j-th strands which are the respective lifts of paths γ i and γ j in the complex plane given by functions z i (t) and z j (t), t ∈ I, then z i − z j is the difference of two such functions. This leads us to defining the subspace Ω 1 (log △C) of log differential functionals on C, defined by dlog(△z[z 1 , z 2 ]) = dlog(z 1 − z 2 ). We have a projection:
On the other hand, |ij represents a chord stretching between the i-th and j-th strand of a given braid. We define a projection:
It follows that we must have |ij dlog
(1) ij , so that:
If necessary we may use a subscript V
(1) X to emphasize the dependency of that vector space on the one dimensional manifold X.
Using the ✄ ✂ ✁-product on chord diagrams, extended to chord diagram valued log differential as follows:
if we define:
as well as:
where I = (i 1 , · · · , i m ) and J = (j 1 , · · · , j m ), we have the following result:
Lemma 3.4.
Proof. It suffices to write:
The elements of V (m) are of the form:
where in this example we have:
and z s i , z t i are the coordinates in the complex plane for the points of intersection of the s i -th and t i -th strands respectively with the complex plane containing the i-th chord. We can write such elements in compact form as
, the λ P are complex coefficients, and d
Background material
It is possible to generalize the work of Chen [ChI] , [ChII] on connections and holonomy of non-commutative graded algebras fibered over manifolds to the case where the algebra is taken to be A(I N ) where I N denotes the trivial braid with N vertical strands, equally spaced, of length one, leading to express the Kontsevich integral as the transport of a formal connection along a loop in
, [BN] . We briefly summarize how this is done.
Chen [ChI] first extended the definition of a linear connection on a vector bundle over some manifold to the case where the bundle has as fiber a not necessarily finite dimensional, non-commutative graded algebra. Consider [BN] which in this simple case has a product ✄ ✂ ✁ given by the connected sum #. For two chord diagrams |P (I N ) and |P ′ (I N ) with support on I N , one can define
One further considers such chord diagrams mod the 4-T and framing independence relations, thus making the algebra with # as a product a non-commutative algebra. We see this algebra as being trivially fibered over C N C, and we put some connection ∇ = d − ω on it [ChII] . One chooses ω to be the usual Knizhnik-Zamolodchikov connection 1-form:
The transport of a section ξ of A(I N ) is given by solving the following graded equation for the parallel transport τ of ξ along a loop γ in the base C N C [ChI] :
Solving this formally degree by degree, one gets the transport τ of the con-nection ω [ChII] :
Formally:
Define a pairing:
for some smooth c : S 1 → C N C, and C * (LC N C) denotes the free chain complex of non-degenerate loops in C N C. Armed with these notations one can write, for γ ∈ LC N C:
which can equivalently be obtained by solving the Knizhnik-Zamolodchikov equation [Koh] by the method of iterated integrals. Thus one obtains the generalized holonomy map [ChII] :
which is a sum of chord diagrams with support I N with coefficients of the form (1/(2πi) m ) γ d m log △z[P ](γ) for a degree m chord diagram. For some loop γ, n≥0 γ ω n is also referred to as the holonomy of the connection ω along the loop γ. It was argued [Koh] that Kontsevich generalized this in his seminal paper to the Kontsevich integral of a knot, replacing trivial chord diagrams on I N by chord diagrams on S 1 , starting from the actual knot γ.
The Kontsevich integral as a holonomy
In this section, we give a direct construction of the Kontsevich integral of a knot as being generated by the holonomy of some bundle of chord diagrams and not as a generalization of the formal holonomy of the KnizhnikZamolodchikov connection on A(I N ). Braids are more naturally defined in
and not C N C and it is on this space that we will consider the algebra bundle (A(X N ), +, ·) of chord diagrams based at points of X N , for which the product ✄ ✂ ✁ is simply denoted by · as it is a commutative product in this case. Defining the bundle to be A(X N ) instead of A(I N ) will allow us to have integrands that are not simply chord diagrams with support on I N but chord diagrams with support the link itself, the way Kontsevich initially wrote down his formula for his integral. In this formalism, for a link L that once put in braid position corresponds to a geometric braidγ ∈ C × I with N strands, obtained by lifting some loop γ ∈ X N , then Z(L) is generated by the holonomy for the Knizhnik-Zamolodchikov connection around the loop γ in the base. It is important to make a mental distinction between the algebra A(X N ) that has chords based at different points, and the bundle A(X N ) → X N whose fibers are chord diagrams based at a same point. We will strive to always make this distinction evident by saying whether we work with the bundle or the algebra itself.
To achieve this, we first define the bundle A(C N C) over C N C on which we put the usual Knizhnik-Zamolodchikov connection, define an action of the symmetric group on sections of this bundle leading to the definition of the algebra bundle C N C × S N C A(C N C)/S N over X N with total space A(X N ). The KZ connection on A(C N C) descends to a well-defined connection on this bundle. Solving the KZ equation exactly, we obtain the holonomy for that connection around a loop γ in the base X N . Upon expansion of this holonomy we generate Z(L).
5.1 A(C N C) as a bundle over C N C
We put the product topology on C N , and the subspace topology on C N C = C N − ∆. We consider over this space the algebra bundle (A(C N C), +, ·) where A(C N C) is the C-linear span of chord diagrams with support a same point of C N C, viewed as a graded algebra over C with graded completion A(C N C). We now put a topology on A(C N C). By definition, we have this bundle to be trivial, and its fiber is isomorphic as an algebra to the algebra of formal power series in N(N − 1)/2 variables:
We put on this total space the topology defined as the product of the topology on C N C with a topology on the algebra
as we do now. We first start by considering the ring of formal power series C [[x] ] whose elements are of the form n≥0 a n x n and are determined by giving a sequence (a n ) ∈ C ω . We define the following metric on this ring; if f (x) = n≥0 a n x n and g(x) = n≥0 b n x n , then we consider the metric d induced by the distance function on sequences (a n ) and (b n ) defined by:
where k is the smallest integer for which a n = b n . Then f and g being defined by the respective sequences (a n ) and (b n ), we define d(f, g) = 2 −k . To show that this defines a metric on the formal power series ring is not difficult, the only tricky point being to show the triangle inequality. If h(x) = n≥0 c n x n is a third power series such that d((a n ), (c n )) = 2 −i and d((b n ), (c n )) = 2 −j for some integers i and j, then we would like to have
The only combinations of indices i, j, k that does not lead to this inequality are the two cases k < i < j and k < j < i, none of which occur. Indeed if either case is true, then in particular we could have a k = c k and b k = c k , a contradiction with the definition of k. With this metric we define a metric topology on the ring of formal power series, thereby making it into a topological space.
We now deal with the ring of formal power series in two commuting unknowns x and y denoted by C[ [x, y] ] whose elements are of the form m≥0 m 1 +m 2 =m a m 1 ,m 2 x m 1 y m 2 . We put on this ring the metric topology with the use of the metric induced by the distance function:
where:
As in the case of one variable only, it is clear that this induces a metric on the ring of formal series, and the only difficulty in showing that this does define a metric is the triangle inequality. If we consider a third series determined by a sequence (c m 1 ,m 2 ) and we
−j , then the only combinations of indices that raise problems are the two cases k < i < j and k < j < i. 
It is clear that
, whose elements are of the form:
can be topologized with the metric induced by the distance function:
Connection on A(C N C)
Before putting a connection on A(C N C) → C N C, we briefly review how a connection is defined on a vector bundle. From first principles, let E : X ×C n be an n-dimensional vector bundle over some topological space X, Γ(E) ≃ C ∞ (X, C n ) its space of sections, σ ∈ Γ(E), then dσ can be computed using multivariate calculus. For f a function on X, we have d(f.σ) = df ⊗σ + f.dσ. If E is not trivial however, we have to generalize this notion of differentiation to a C-linear differential operator ∇ :
n given by a local frame field e 1 , ..., e n on U, then any σ ∈ Γ(E| U ) can be written locally:
for x ∈ U. If there is a connection ∇ on E, then we write:
and we let ω := (ω kj ) 1≤k,j≤n . For σ ∈ Γ(E| U ) as above, σ ≃ a, then we have:
Chen [ChI] generalized this to the case of T * X ⊗ A over some base space X, where T * X is the cotangent bundle of X, A is some graded, non-commutative algebra. For our purposes, A = A(C N C), and we put on A(C N C) the Knizhnik-Zamolodchikov connection ∇ = d − ω where:
the well-known KZ connection form. This gives a well-defined connection on A(C N C); it is immediate that both linearity and the Leibniz rule hold for this choice of connection.
Construction of the bundle A(X N ) over X N
We first define an action of the permutation group S N on sections of A(C N C). Let Z ∈ C N C and ψ ∈ Γ(A(C N C)). For some element σ ∈ S N , we would like (σψ)(σZ) = ψ(Z) for consistency, where σZ = σ(z 1 , ..., z N ) = (z σ(1) , ..., z σ(N ) ). Write ψ(Z) = P λ P |P (Z), which is short for (Z, P λ P |P ), where the sum is over all chord diagrams |P with support on Z, and λ P ∈ C for all P . Then we must have σψ(σZ) = P λ P |σP (σZ), where if P = (P 1 , ..., P m ), then we define σP := (σP 1 , ..., σP m ), with σ|kl = |σkσl , 1 ≤ k, l ≤ N. Thus we define:
Consider the set of equivalence classes C N C × S N C A(C N C)/S N , whose elements are classes [(Z, ψ(Z))] = {(σZ, σψ(σZ)) | σ ∈ S N , Z ∈ C N C, ψ(Z) ∈ A(Z)}. This defines an algebra bundle by projecting on the second factor:
We now give a description of this bundle. Fix some Z ∈ X N . If q is the quotient map from C N C to X N , then for someZ ∈ q −1 (Z), a choice of some element λ P |P (Z) ∈ A(Z) together with the pointZ defines a representative (Z, λ P |P (Z)) of some class in C N C × S N C A(C N C)/S N . Now |P (Z) ∈ A(C N C) only. However projectingZ to Z those two coordinates of Z that are marked by a chord by |P are also marked in the complex plane after projection, and thus defines a chord diagram that we still denote by |P (Z) for convenience. Note however that if |P (Z) can be defined using indices, |P (Z) is index-free. Further the definition of |P (Z) is independent of the representative chosen.
Example 5.1. Fix N=3, (e i ) 1≤i≤3 the canonical basis for C 3 ,Z = (z 1 , z 2 , z 3 ) ∈ C 3 C, |12 (Z) projects to the chord diagram |Q at Z = qZ ∈ X 3 :
with Z = {z 1 , z 2 , z 3 } ∈ X 3 , and the chord |Q along with the point in X 3 are represented by:
Conversely, given Z as above along with the chord |Q , pick a labeling of the 3 defining points of Z: 
KZ connection on A(X N )
Recall that we had the KZ connection
We show it is invariant under the action of the symmetric group S N , and therefore descends to a connection on A(X N ):
Lemma 5.1. The KZ connection on A(C N C) over C N C descends to a well defined connection ∇ = d − ω on A(X N ) over X N , with:
Proof. It suffices to observe that we can write:
where in going from (54) to (55) we used the fact that for all indices i = j, we have |ij = |ji . From this we can write the KZ connection
, which is invariant under the action of S N . It follows that the KZ connection on A(C N C) descends to a well-defined connection
5.5 subtleties of T X N and T * 
The KZ equation
Let ξ be a section of A(X N ):
Let Z ∈ X N , γ a loop in X N based at Z. The parallel transport of ξ along γ is denoted by Ψ. It is a horizontal section for the connection, so that ∇Ψ = 0 from which it follows that:
and using the fact that the fiber of
, a commutative algebra, this equation has the following solution:
= µe
where Θ ∈ A is a constant term determined by the initial condition ξ(Z) = Ψ(Z) and we have put µ ≡ exp(Θ). Solving for the initial condition:
using the notation:
then we must have:
Holonomy of the KZ equation
With the same notations and definitions as in the previous subsection, we have:
and the holonomy of the KZ connection along a loop γ in the base is expressed as exp( I ω(γ)).
Proposition 5.1. For a link L that once put in braid position is given by a geometric braidγ ∈ C × I corresponding to the lift of some loop γ ∈ X N , the holonomy h of the KZ connection on A(X N ) over XN along γ generates Z(L), the Kontsevich integral for the link L.
with:
It is worthwile to point out that though each |P i (γt i ) is an element of the fiber of A(X N ) over the point γ(t i ), 1 ≤ i ≤ m, the product of such elements as in (73) is no longer an element of a fiber of A(X N ) but is truly an element of the algebra A(X N ) proper. We can write the holonomy h as: (78) where in (75) we have used the notation ∆ m = {0 ≤ t 1 < · · · < t m ≤ 1}. Observe that we have obtained the formal sum of elements of A(X N ), based at points along γ ∈ ΩX N . In other terms we have all possible chords based at points of γ. This is sufficient to lift h toh, which is the same as h except that its tangle chord diagrams are of the form |P (γt i ). In doing so, crossings in X N may lift to positive or negative crossings, which are immaterial once we close the braidγ into L. Further, from the collection of chord supports, we recoverγ, as the chords trace out sheets whose boundaries are the N strands ofγ.
If we write P = (P 1 , ..., P m ) and T = (t 1 , · · · , t m ), then we can write:
Then:h
where in the second step we have omitted the mention ofγ in the integrand for notation's sake and have instead put it under the integral sign to emphasize that we integrate alongγ. Construct the closureγ of the geometric braidγ as follows: if the strands ofγ originate and end at {(n, 0, 0) | 0 ≤ n ≤ N − 1} and {(n, 0, 1) | 0 ≤ n ≤ N − 1} respectively in R 3 , then glue to these endpoints the parallel strands {{n} × I × {0} | 0 ≤ n ≤ N − 1} at time t = 0 and {{n} × I × {1} | 0 ≤ n ≤ N − 1} at time t = 1. Finally we glue in the back N parallel strands {{n} × {1} × I | 0 ≤ n ≤ N − 1} and smooth corners to get a Morse knot. In this manner, we recover the Kontsevich integral as initially defined by Kontsevich [K] , since after smoothing cornersγ yields L. We denote the resulting object byh.
the form of the Kontsevich integral of links that is expressed as a sum of tangle chord diagrams and is mostly used to take advantage of the multiplicative property of Z.
In this integral, there are additional chords between strands in the back of the closure, whose strands are all parallel and therefore evaluate to zero. There are also chords between strands of the braid and strands from the back of the closure. Such chords are called long chords and the integrals corresponding to such chords evaluate to zero [ChDu] . However, chords from the top and bottom portions of the closure have a non-zero contribution. They can easily be calculated and their contribution be grafted ontoh to yield h. It is not true however to say that we can divide out these contributions from Z(L) to obtainh. This is why we say that the Kontsevich integral is generated by a holonomy rather than saying that the Kontsevich integral is a holonomy in the classical sense.
We would like now to relateh to Z(L) as an element of A( S 1 ). Different tangle chord diagrams of the same degree supported on the same link L will be defined to be equivalent if one can go from one pairing to the other by circling L. This is a well-defined equivalence relation. If P is a representative of such a class, we denote the class by [P ] . Now for m fixed, P = (P 1 , ..., P m ) fixed, from L P we can determine the chord diagram on S 1 it corresponds to under the embedding ι L defining the link L: ι −1
, thereby defining a moduli map:
that we extend by linearity. Then:
which can be written:
6 Construction of ∇ from first principles
In Section 5.3 we showed A(X N ) → X N was isomorphic to
In this section, we will construct the bundle A(X N ) over X N from first principles as well as the KZ connection ∇ = d − ω on it. Doing so, it will be manifest why the KZ connection is the natural one on a certain principal bundle from which we will construct A(X N ) → X N using the associated bundle construction. We mainly follow [KoNom] , [Nak] applied to our situation.
The principal bundle P (X N , G)
The structure group G for the principal bundle that we will introduce is the group (expA (1) (X N ), ·) where elements of A (1) (X N ) are complex linear combinations of chord diagrams based at some fixed point of X N of the form |P |=1 λ P |P for some complex coefficients λ P , and · denotes the usual associative product of exponentials:
We have:
and the unit for the product is exp( P 0 · |P ) = exp(0) = 1. G is a commutative group with this multiplication. We mainly follow [NSt] in the construction of our principal bundle. We first make G into a Lie group. It suffices to make G into a differentiable manifold on which the product and inverse maps are differentiable. For the differentiable manifold structure, consider the following map:
where {|P | |P | = 1} forms a basis of C N (N −1)/2 . We now put a topology on G. Let m = N(N − 1)/2. On C m we put the product topology, which we denote by τ m . We can write any open set U ∈ τ m as the union of open sets of the form
Write Λ = P λ P |P . For simplicity we write eU = {e Λ | Λ ∈ U}, U = U 1 × · · · × U m and we have Λ ∈ U if and only if λ i ∈ U i for 1 ≤ i ≤ m. We denote by τ G the collection of all such subsets of G.
Lemma 6.1. τ G defines a topology on G.
Proof. We first show any union of elements of τ G is still in τ G : let I be any indexing set. Then we can write:
We also show that τ G is closed under finite intersections. For p finite:
Now, since:
then:
thus G ∈ τ G as the union of elements of τ G . It is immediate that we also have e∅ = {e
The map e is clearly invertible, and C m being a differentiable manifold, this gives G the structure of a differentiable manifold. Further the inverse map in the group G is clearly differentiable. Finally if we give G × G the product topology, then the product map in G is also a differentiable map. This shows that G is a Lie group with the above structure.
The tangent space T G of G
We consider the principal bundle P = P (X N , G) with base space X N , with fiber the Lie group G, and with G acting on itself on the left. A connection on P is valued in the Lie algebra g of the Lie group G, which is defined to be the set of left-invariant vector fields on P . So we naturally have to first define what the tangent space of G is. If c : I → G is a path in G, f : G → R a function on G, then X ∈ T c(0) G can be defined by:
If we denote by ∂ P ∈ T C m the partial derivative in the P -th direction in C m , and by (e −1 ) P the P -th component of the map e −1 , then we can rewrite the right hand side of (102) as:
which leads us to write X as:
with
Lemma 6.1. If c is the following curve in G:
then the tangent vector to c at time t = 0 is the vector X expressed as:
Proof. It suffices to write (e −1 ) P (c(t)) = λ P (t), from which we immediately have:
it follows that:
6.3 The Lie algebra g of G
The Lie algebra of G is the set of its left-invariant vector fields, so we determine which of those elements of T G are left-invariant. For a, g ∈ G, we have the left translation map
we can write g = exp( P λ P (0)|P ) with c(t) = exp( P λ P (t)|P ) a curve in G through g at time t = 0. Let X be the tangent vector to G at g along this curve, X ∈ T g G, with:
from the previous lemma. Now let Y be the element of T ag G defined by Y = L a * X. We have:
Let a = exp( P µ P |P ). Then we have:
From which it follows that:
Finally, it suffices to observe that:
It follows:
that is L a * (X| g ) = X| ag , and this for any curve through g, and this for all g in G, thus the set of left-invariant vector fields of G is all of T G, whose basis is given by {∂ P | |P | = 1}, a basis of vector fields for T C m whose fiber is isomorphic to C m with basis the vectors {|P | |P | = 1}, and by isomorphism this gives the basis for left-invariant vector fields. Therefore we regard the Lie algebra g of G as being generated by those elements. Thus any element of g can be written as P λ P |P for some complex numbers λ P .
The cotangent space T * G of G
In the same manner that we used the compact notation ∂ P to denote the partial derivative in the P direction, we introduce a similar notation for forms. If the P -th coordinate in C m is denoted by ψ P , then we have ∂ P = ∂/∂(ψ P ) and a basis for T * G is given by {dψ P | |P | = 1}. For a function f : G → R we write df = P ∂ P f · dψ P .
6.5 The vertical space V P of P We are interested in putting a connection on the principal bundle P . For this purpose we first define the vertical tangent space V P of P . Let u be an element of P = P (X N , G). If π is the projection from P to the base space X N which in any local trivialization is just projection on the first component, Z = π(u) ∈ X N , then G Z = G is the fiber of P over Z. Let A = P λ P (Z)|P ∈ g. Then u.e tA defines a curve through u in G Z , and if in a local trivialization we write u = (Z, g u ), g u ∈ G, then u · e tA = (Z, g u·e tA ) = (Z, g u · e tA ). We define a tangent vector A ⋆ ∈ V u P as follows. For a given function f : P → R:
Thus defined, A ⋆ is tangent to G Z at u and is therefore in the vertical subspace V u P of T u P . Write g u = exp( P µ P (Z)|P (Z)). Writing A ⋆ = P A ⋆P ∂ P , it follows:
thereby defining the following vector space isomorphism:
6.6 The connectionω on P
In the same manner that we had left multiplication on G we also have a right multiplication map denoted by R. If a, g ∈ G then R a (g) = ga, and the map R a induces a map R * a : T * ua P → T * u P . Further, we have the adjoint action of G on itself defined by ad g h := ghg −1 with a corresponding induced map ad g * = Ad g : T h G → T ghg −1 G, and for h = 1 the identity of G we have a resulting adjoint map Ad g : g → g defined by A → Ad g (A) = gAg −1 . We now define the connection one formω on P . A connection one form ω ∈ g ⊗ T * P is a projection of T P onto V P ≃ g, satisfying:
(
For our connection, we choose:ω
Lemma 6.1.ω is a well-defined connection on P (X N , G) over X N .
Proof. For A = P λ P |P ∈ g, we have the corresponding element of V P A ⋆ = P λ P ∂ P . Now:ω
so thatω(A ⋆ ) = A. In a local trivialization P ≃ U × G, π is just the projection on the first factor. If π G is the projection on the second factor, then we locally have [Sp] :
in a local trivialization, can be written as a sum
u (X)g =ω u (X) = P X P |P . On the other hand R * gω ug (X) =ω ug (R g * X), with R g * X = R g * X 1 + R g * X 2 = R g * X 1 + P Y P ∂ P | ug , with:
If we let g = exp( P µ P |P ) and u = (Z, exp( P λ P |P )), then we have:
From which it follows that R g * X = R g * X 1 + P X P | u · ∂ P | ug . And:
= (
which completes the proof.
Local form ω of the connection one formω
We wish to write a local expression forω by pulling it back to X N . Let U be an open set in X N , π : P → X N , π −1 U open in P , on which we define T P and T * P . A section of P at Z ∈ U is of the form (Z, exp( P ψ P (Z)|P (Z))). Consider a local section σ of P on U for which ψ P (Z) = 1 2πi log △z[P ](Z). Then we define: 
so that:
from which we get:
Finally:
which is commonly referred to as the Knizhnik-Zamolodchikov connection one form. Notice that this derivation is independent of the choice of labels for the defining points of Z in a basic open set.
Local connectionω loc on P
We now seek to construct a local form of a connection on P derived from the local form ω on X N , which is itself derived from the connection one formω on P , for the purpose of obtaining the Knizhnik-Zamolodchikov equation and show that upon integration we get a holonomy for that particular connection which generates the Kontsevich integral.
For the section σ introduced above, Z ∈ X N fixed, any element u of P in the fiber G Z above Z can be written u = σ(Z)g for some g ∈ G. Using g thus defined, consider the following element of T * u P :
where d P is the exterior derivative on P .
Lemma 6.1. we have:
Proof. For X ∈ T Z X N , we have:
and σ * X ∈ T σ(Z) P where g = 1, so that:
Now we use the fact that π * σ * = id T Z X N and d P g(σ * X) = 0 since g = 1 along σ * X. It follows that we have:
and this for any element X of T Z X N and for all Z ∈ X N , whence the result.
We now showω loc verifies the axioms of a connection on P :
Lemma 6.2.ω loc is a well-defined connection on P .
Proof. First for some A in g of the form A = P λ P |P , u ∈ P , and a corresponding
Further we have to show that we have R * hω loc = Ad h −1ω loc : let X ∈ T u P , h ∈ G. Then we have: We now use g uh = g u · h, π * R h * X = π * X since πR h = π, and the following:
to rewrite (173) as:
and this for any X ∈ T u P and for any u ∈ P . This completes the proof 6.9 Horizontal liftγ in P of a curve γ in X N We construct a horizontal lift of some curve γ in X N . We do this locally. For this purpose we work in an open set U that contains the curve γ. Suppose we have two open sets U i and U j in X N whose overlap contains U, and σ i and σ j are two sections of P over U i and U j respectively. Ifγ is a horizontal lift of γ, then for all t ∈ I we can writeγ(t) = σ j (γt)g j (γt) and we write g j (γt) = g j (t) for short. We can pick a lift for which g j (0) = 1 so thatγ(0) = σ j (γ0). If X ∈ T γ0 X N , letX be the horizontal lift of X alongγ. We haveX =γ * X. We would like an expression forX that will enable us to extract the KZ equation. For this purpose we need the following lemma where we use the fact thatγ(t) = σ j (t)g j (t) = σ i (t)g i (t) where we have omitted the mention of γ for the simplicity of notation.
Lemma 6.1 ( [Nak] ).X = σ i * X · g i (t) + (g
where we used the fact that g j (0) = 1. Working on the second term alone, σ j (0)g −1 i (0)g i (t) is a curve in G σ j (0) , thus the whole second term is in V σ j (0) P and we can write:
follows from the fact thatω loc (X) = 0.
Proof. We have from the previous lemma:
and upon applyingω loc on both sides, we get: 0 =ω loc (σ * X · g(t)) +ω loc ((g −1 (t)dg(X)) ⋆ )
=ω loc (R g(t) * σ * X) + g −1 (t)dg(X)
= R * g(t)ω loc (σ * X) + g −1 (t)dg(X)
= Ad g −1 (t)ωloc (σ * X) + g −1 (t)dg(X)
= g −1 (t)ω loc (σ * X)g(t) + g −1 (t)dg(X)
− g −1 (t)σ * ω loc (X)g(t) = g −1 (t)dg(X) (197) and using the fact that σ * ω loc = −ω, we get:
− g −1 (t)(−ω(X))g(t) = g −1 (t)dg(X) (198) and by multiplying on each side by g(t) we get:
and this being true for all X ∈ T X N , it follows that we have the KZ equation:
6.11 Connection on A(X N ) induced from ∇ on P
We define an action of G on P × C[[{|Q | |Q| = 1}]] as follows: for u ∈ P , ξ ∈ C[[{|Q | |Q| = 1}]] and g ∈ G, then:
g · (u, ξ) = (ug, g −1 ξ)
We regard the bundle A(X N ) as E := P × C[[{|Q | |Q| = 1}]]/G over X N with structure group G. The projection π E : E → X N is defined by the projection π on the first factor, and local trivializations are given by Φ :
For U open in X N , σ a section of P over U, γ a curve in U,γ a horizontal lift of γ, γ(0) = Z ∈ X N ,γ(0) = u 0 , X ∈ T Z X N , s a section of E = A(X N ) over U, then we can write:
s(γt) = [(γ(t), ξ(γt))]
for some η :
. The covariant derivative of s(t) along γ(t) at γ(0) = Z is defined by:
For σ fixed, we can writeγ(t) = σ(γt)g(γt). 
so that: e P (γt) = [(γ(t) · g −1 (t), |P )] = [(γ(t), g −1 (t) · |P )]
Then: 
that is ∇e P = [(σ(Z), −ω|P )]. More generally, for a section s(Z) = [(σ(Z), ξ(Z))] of E with ξ = P λ P |P , then using essentially the same computational techniques, and letting ξ(t) = g(t)η(γt), we would find: 
and in a more compact notation ∇s = [(σ(Z), (d−ω)ξ(Z))]. When we considered elements ψ(Z) = P λ P (Z)|P of A(Z) we really meant P λ P (Z)e P (Z) and:
which is the KZ connection on A(X N ) as initially introduced.
